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EQUICONTINUITY ON SEMI-LOCALLY CONNECTED SPACES
C.A. MORALES
Abstract. We show that a homeomorphism of a semi-locally connected com-
pact metric space is equicontinuous if and only if the distance between the
iterates of a given point and a given subcontinuum (not containing that point)
is bounded away from zero. This is false for general compact metric spaces.
Moreover, homeomorphisms for which the conclusion of this result holds sat-
isfy that the set of automorphic points contains those points where the space
is not semi-locally connected.
1. Introduction
A homeomorphism f : X → X of a compact metric space X is distal if
inf
n∈Z
d(fn(x), fn(y)) > 0
for all distinct points x, y ∈ X . The distal homeomorphisms were introduced by
Hilbert as a generalization of rigid group of motions [2], [5].
It is natural to generalize this definition by replacing y above by a compact
subset K (not containing x of course); and d(fn(x), fn(y)) by dist(fn(x), fn(K))
where
dist(p,B) = inf{d(p, b) : b) ∈ B}, ∀p ∈ X,B ⊂ X.
However, the resulting generalization turns out to be equivalent to equicontinuity
(by Lemma 2.5 below). Recall that f is equicontinuous if for every ǫ > 0 there is
δ > 0 such that d(fn(x), fn(y)) ≤ ǫ whenever x, y ∈ X satisfy d(x, y) ≤ δ.
But the question arises what if we replace y by another type of compact subsets
like, for instance, a subcontinuum C not containing x? Recall that a subcontinuum
is a nonempty compact connected subset of X . The continuum theory [11] has
been considered elsewhere in the study of dynamical systems [1], [9]. This question
suggests the study homeomorphisms f : X → X with the following property:
(CW) infn∈Z dist(f
n(x), fn(C)) > 0 for every x ∈ X and every subcontinuum C
of X with x /∈ C.
In our first result we will give topological conditions characterizing equicontinuity
in terms of this property. For this we shall use the following definition by Whyburn
[13] (see also Jones [8]).
Definition 1.1. We say that a metric space X is semi-locally connected at p ∈ X
if for every open neighborhood U of p there is an open neighborhood V ⊂ U of p
such that X \U is contained in the union of finitely many connected components of
X \ V . We denote by Xslc the set of points at which X is semi-locally connected.
We say that X is semi-locally connected if Xslc = X.
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The class of semi-locally connected spaces is broad enough to include properly
the locally connected ones (like manifolds or more structured spaces). In these
spaces we shall obtain the following equivalence.
Theorem 1.2. A homeomorphism of a semi-locally connected compact metric space
is equicontinuous if and only if it satisfies (CW).
In particular, since there are distal homeomorphisms on the two-disk which are
not equicontinuous (e.g. Chapter 5 in [2]), and the two-disk is locally connected,
we obtain the following corollary.
Corollary 1.3. There are distal homeomorphisms which do not satisfy (CW).
Notice that (CW) is also equivalent to equicontinuity on certain nonsemi-locally
spaces like the totally disconnected ones (see Corollary 1.9 in [3]). But in general
(CW) is not equivalent to equicontinuity the following counterexample.
Example 1.4. Define X = {reiθ ∈ R2 : 0 ≤ θ ≤ 2π, r ∈ C} where C is the ternary
Cantor set in [1, 2]. Then, the map f : X → X defined by f(reiθ) = rei(θ+2pir) is a
homeomorphism of X. This homeomorphism is an irrational rotation on the circle
with radius r for irrational r, while it is a periodic rotation for rational r. Using
this we can see that f is not equicontinuous. Since every subcontinuum of X is
contained in one of the circles {reiθ : 0 ≤ θ ≤ 2π} (r ∈ C) in which the action is
an isometry, we obtain that f satisfies (CW).
This counterexample motivates the search of similarities between (CW) and the
equicontinuous property. For instance, since every equicontinuous homeomorphism
is uniformly rigid [6], it is natural to ask if every homeomorphism satisfying (CW)
is uniformly rigid (or at least rigid). Another question comes from the following
definition by Veech [12] (see also [4]):
Definition 1.5. If f : X → X is a homeomorphism of a compact metric space
X, a point x ∈ X is called almost automorphic if for every sequence ni ∈ Z with
fni(x)→ y for some y ∈ X it holds that f−ni(y)→ x. We denote by A(f) the set
of almost automorphic points of f .
Theorem 3 in [4] implies that every equicontinuous homeomorphism f : X → X
of a compact metric space X satisfies A(f) = X . Is this property true (or at
least A(f) 6= ∅) for every homeomorphisms f satisying (CW)? A positive answer is
supported by Example 1.4 in which A(f) = X (as explained in Example 9 in [4]).
Another positive answer is supported by our second result.
Theorem 1.6. If f : X → X is a homeomorphism satisfying (CW) of a compact
metric space X, then Xslc ⊂ A(f).
Consequently,
Corollary 1.7. Let X be a compact metric space. If Xslc 6= ∅, then A(f) 6= ∅ for
every homeomorphism f : X → X satisfying (CW).
On the other hand, X lsc = A(f) is false in general for homeomorphisms f
satisfying (CW). Indeed, every equicontinuous homeomorphism satisfies (CW) with
A(f) = X thus it suffices to take the identity of the space described in Example
1.4.
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Theorem 1.6 has some other interesting consequences. For instance, recall that
a homeomorphism f : X → X is transitive if the there is x ∈ X such that the orbit
{fn(x) : n ∈ Z} of x is dense in X .
Corollary 1.8. Let X be a compact metric space. If Xslc 6= ∅, then a transitive
homeomorphism of X satisfies (CW) if and only if it is equicontinuous.
Proof. Apply Theorem 1.6, Corollary 14 in [4] and the fact that every homeomor-
phism satisfying (CW) is distal. 
A good question is if this corollary is false without the assumption Xslc 6= ∅.
By Theorem 1.6 we can also conclude that a compact metric space exhibiting
homeomorphisms satisfying (CW) but without almost automorphic points cannot
be semi-locally connected at any point. However, as already mentioned, we don’t
know if there are such kind of pathological homeomorphism.
The author would like to thank Professor D. Obata for helpful conversations
related to Lemma 2.5.
2. Proof of theorems 1.2 and 1.6
We start with the following lemma.
Lemma 2.1. If f : X → X is an equicontinuous homeomorphism of a compact
metric space X, then infn∈Z dist(f
n(x), fn(K)) > 0 for every x ∈ X and every
nonempty compact subset K with x /∈ K.
Proof. Suppose by contradiction that f does not satisfy the required property.
Then, there exist x ∈ X and a nonempty compact subset K with x /∈ K such that
infn∈Z dist(f
n(x), fn(K)) = 0. From this we obtain sequences bk ∈ K and nk ∈ Z
such that
lim
k→∞
d(fnk(x), fnk(bk)) = 0.
Since K is compact, we can assume that bk → b for some b ∈ K. Since x /∈ K, we
have ǫ = d(x,b)3 > 0. For this ǫ we let δ be given by the equicontinuity of f .
Since bk → b, there is k ∈ N such that d(bk, b) ≤ ǫ and d(xk, yk) ≤ δ where
xk = f
nk(x) and yk = f
nk(bk). It follows that d(f
−nk(xk), f
−nk(yk)) ≤ ǫ by
the equicontinuity property. Since f−nk(xk) = x and f
−nk(yk) = bk, we obtain
d(x, bk) ≤ ǫ and so d(x, b) ≤ d(x, bk) + d(bk, b) ≤ 2ǫ =
2
3d(x, b) which is absurd.
This ends the proof. 
We also need the following results.
Lemma 2.2. Let f : X → X be a homeomorphism of a compact metric space X.
If p ∈ X satisfies infn∈Z dist(fn(p), fn(K)) > 0 for every nonempty compact subset
K with p /∈ K, then for every ǫ > 0 there is δ > 0 such that
y ∈ X,n ∈ Z and d(fn(p), fn(y)) ≤ δ =⇒ d(p, y) ≤ ǫ.
Proof. Fix ǫ > 0. Denote by B(·, ·) and B[·, ·] the open and closed ball operations
in X respectively. We can assume X \B(p, ǫ) 6= ∅ for, otherwise, the conclusion is
trivial. Since K = X \B(p, ǫ) is compact not containing p, there is δ satisfying
0 < δ < inf
n∈Z
dist(fn(p), fn(X \B(p, ǫ))).
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It follows that B[fn(p), δ] ⊂ fn(B(p, ǫ)) for every n ∈ Z. Then, if y ∈ X and
n ∈ Z satisfy d(fn(p)fn(y)) ≤ δ, fn(y) ∈ B[fn(p), δ] so fn(y) ∈ fn(B(p, ǫ))) thus
y ∈ B(p, ǫ) yielding d(p, y) ≤ ǫ. 
Now some standard terminology. A subset F ⊂ Z is called syndetic if there is
l > 0 such that [n, n+ l]∩F 6= ∅ for every n ∈ Z. Clearly F is syndetic if and only
if −F = {−n : n ∈ F} is. If f : X → X is a homeomorphism, we say that x ∈ X
is almost periodic if for every neighborhood U of x there is a syndetic F ⊂ Z such
that fn(x) ∈ U for every n ∈ F . We say that f is pointwise almost periodic if every
point is almost periodic.
On the other hand, x ∈ X is locally almost periodic if for every neighborhood
U of x there are a neighborhood V ⊂ U of x and a syndetic F ⊂ Z such that
fn(V ) ⊂ U for every n ∈ F . We say that f is locally almost periodic if every point
x is locally almost periodic.
The next lemma gives a sufficient condition for an almost periodic point to be
locally almost periodic.
Lemma 2.3. Let p be an almost periodic point of a homeomorphism f : X → X
of a compact metric space X. If for every ǫ > 0 there is δ > 0 such that
y ∈ X,n ∈ Z and d(fn(p), fn(y)) ≤ δ =⇒ d(p, y) ≤ ǫ,
then p is locally almost periodic.
Proof. Fix a neighborhood U of p. Take ǫ > 0 such that B[p, ǫ] ⊂ U . For this ǫ
choose δ from the hypothesis of the lemma. We can assume that δ < ǫ. Since p is
almost periodic, there is a syndetic F ⊂ Z such that fn(p) ∈ B[p, δ2 ] for all n ∈ F .
Define W = B[p, δ2 ]. Then, W is a neighborhood of p contained in U (for δ < ǫ).
If y ∈ W and n ∈ F , then d(y, p) ≤ δ2 and d(p, f
n(p)) ≤ δ2 . Then, d(f
n(p), y) ≤ δ
so d(fn(p), fn(f−n(y))) = d(fn(p), y) ≤ δ thus d(p, f−n(y)) ≤ ǫ for all n ∈ F .
We conclude that fn(W ) ⊂ U for every n ∈ −F . Since −F is syndetic, we are
done. 
Next we present two characterizations of equicontinuous homeomorphisms the
first of which is well known (Theorem 1 in [7]).
Lemma 2.4. A homeomorphism of a compact metric space is equicontinuous if
and only if it is distal and locally almost periodic.
The second characterization (stated below) is related to Theorem 3.4 in [10]
where it is proved that a homeomorphism is equicontinuous if and only if the
induced map in the hyperspace is distal.
Lemma 2.5. A homeomorphism f : X → X of a compact metric space X is
equicontinuous if and only if infn∈Z dist(f
n(x), fn(K)) > 0 for all x ∈ X and all
nonempty compact subset K of X with x /∈ K.
Proof. The necessity follows from Lemma 2.1. For the sufficiency, assume that
infn∈Z dist(f
n(x), fn(K)) > 0 for all x ∈ X and all compact nonempty subset K
with x /∈ K. Then, f is distal and so pointwise almost periodic (e.g. Corollary 4
p. 68 in [2]). Moreover, by Lemma 2.2, for every p ∈ X and every ǫ > 0 there is
δ > 0 such that
y ∈ X,n ∈ Z and d(fn(p), fn(y)) ≤ δ =⇒ d(p, y) ≤ ǫ.
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Then, Lemma 2.3 implies that f is locally almost periodic. Since f is distal, f is
equicontinuous by Lemma 2.4. This completes the proof. 
The last ingredient stated below gives the link between (CW) and Xslc.
Lemma 2.6. Let f : X → X be a homeomorphism satisfying (CW) of a compact
metric space X. Then, infn∈Z dist(f
n(p), fn(K)) > 0 for every p ∈ Xslc and every
compact subset K of X with p /∈ K.
Proof. Suppose by contradiction that infn∈Z dist(f
n(p), fn(K)) = 0 for some p ∈
Xslc and some compact subset K of X with p /∈ K. Then, there are sequences
nk ∈ Z and yk ∈ K such that
(2.1) lim
k→∞
d(fnk(p), fnk(yk)) = 0.
Now fix z ∈ K. Since p /∈ K, there is an open neighborhood Uz of p such that
z ∈ X \Cl(Uz) where Cl(·) denotes the closure operation. Then, {X \Cl(Uz) : z ∈
K} is an open covering of K which is compact so there are finitely many points
z1, · · · , zr ∈ K such that
K ⊂
r⋃
i=1
(X \ Cl(Uzi)).
Since yk ∈ K for k ∈ N, we can assume by passing to a subsequence if necessary
that there is a fixed index 1 ≤ i ≤ r such that yk ∈ X \ Cl(Uzi) for all k ∈ N.
But p ∈ Xslc. Then, there exist an open neighborhood V of p and finitely many
connected components C1, · · · , Cl of X \ V such that
X \ Uzi ⊂
l⋃
j=1
Cj .
Since yk ∈ X \Cl(Uzi) ⊂ X \Uzi for all k ∈ N, we can assume again up to passing
to a subsequence if necessary that there is another fixed index 1 ≤ j ≤ l such that
yk ∈ Cj for all k ∈ N.
On the one hand, Cj is a subcontinuum of X with p 6∈ Cj hence (CW) implies
inf
n∈Z
dist(fn(p), fn(Cj)) > 0.
But, on the other hand,
inf
n∈Z
dist(fn(p), fn(Cj) ≤ inf
k∈N
d(fnk(p), fnk(yk))
so (2.1) implies
inf
n∈Z
dist(fn(p), fn(Cj) = 0
which is absurd. This completes the proof. 
Now we can prove our results.
Proof of Theorem 1.2. Let f : X → X be a homeomorphism of a semi-locally
connected compact metric space X , i.e., X = Xslc. If f is equicontinuous, then f
satisfies (CW) by Lemma 2.1. Conversely, if f satisfies (CW), then Lemma 2.6 and
X = X lc imply infn∈Z dist(f
n(p), fn(K)) > 0 for every x ∈ X and every compact
subset K of X with x /∈ K. Then, f is equicontinuous by Lemma 2.5. 
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Proof of Theorem 1.6. Let f : X → X be a homeomorphism satisfying (CW) of a
compact metric space X . If p ∈ Xslc, then infn∈Z dist(fn(p), fn(K)) > 0 for every
compact subset K of X with p /∈ K by Lemma 2.6. From this and Lemma 2.2 we
obtain that for every ǫ > 0 there is δ > 0 such that
y ∈ X,n ∈ Z and d(fn(p), fn(y)) ≤ δ =⇒ d(p, y) ≤ ǫ.
To finish we prove that this property implies that p is almost authomorphic. Indeed,
take y ∈ X and a sequence ni ∈ Z such that f
ni(p)→ y. Fix ǫ and let δ be given
by the above property. Since fni(p)→ y, there is i0 > 0 such that d(fni(p), y) ≤ δ
for all i ≥ i0. It follows that d(fni(p), fni(f−ni(y))) = d(fni(p), y) ≤ δ and so
d(p, f−ni(y)) ≤ ǫ for all i ≥ i0. Hence f−ni(y)→ p and the proof follows. 
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